LEC. 1 WASSERSTEIN GRADIENT FLowS

|. Basics of O?-h'maj Hronsport

DEF. Given. two onba\o}li—l-g measurts W, V. over IR‘1 with finite second
wowment  (written My v 6"’;(“2‘)), the  2-Wasserstein distance
between g and p 15 defined do be:

W:(P, V) = Xi?fo‘z") g I 1-3“2 ZCAK’JH)

where C('M, V) is the Setr of COu\?\:n%s of o and VL.

A aa

FACTS: * For M, ué'Pz.(RA), an_optimal Coupling Y A|wa3$ exists (not umiaiul-)
: (?z(IRJ), Wo) s & mehric space
" Wilp, 120 & o wealdy and Sn-n‘clr.. — dn

x— Sx is an isomelvic em\pe_JJIng (ie., Wl(Sx.Sz)’- lla-yll )

FEUNDAMENTA] THM. OF oPTIMAL TRANSPORT

Assume P has a Jensi+a wrt. Le.loe,sauo. measure  (written }Ae’Pz,u.(R‘)).
Then, the optimal fransport plan between o and v is induced ba o
+mv15?oﬂ- map

W:(y, VY= Sllx~3||1y*(¢]x'43) = jllz-T'(x)lll pldx)

p=Thp © f Xvp, Hen T~

Moreover, T* is characterized as +he Cr-a.e.) un'mlu& jmclie.nf of a ex fn

which ruskes e  v. We call T" the Brenier map.

EXAMPLES © * Tadx = O700)

* = Nim,T)) 3nJ v=Nm,T5), Han
Th(l)= m, + Z.n(Z.’nzzZ:"')M(x-m.) (exerqse)




2. Curves of mwaasures

curve n [RJ Curve in ’Pz,ac (RJ)
. e
X
* (xeer He (
Pe)ter
Ne 15 e ’ranaevﬂ— vechr
o +the curve what s l’“?
Think of (x{-){:eﬁ 4s the Think of Pe as o collechon of Farﬁcles

+mdec+ona °‘F a Far‘h'c.le.
Vt(x\ = mMass Jehsih& at time t, locohon x

x4 = FoSH’ion of hme t Vilo) = Ve,loci’na at+ Hme t, locahon 2
xy = ve.looi+g or Hme t Ve is the veloci’rg vector Field
“LAGRANGIAN” perspechve “ EMLEKIAN” perspective

j‘o‘m'mg the +wo VerSPeche.s .
Now thnk of Xt as a random vqn‘o\Jo[e_, Xt ~ Pt
Then, Xe = ve(Xe)

F_K(i \é xo“’}‘o and ).(t"' Vf(xt), then }k’ law(Xt) satisfies
gt}k"' Aiv(l}lg-\/t—) =0 (Conﬁnuihj eq.)

Poof. The “weak” form of the PDE is:
P Jodpe = [<Tpwddpe, Vo€ L2 (R

But 2 S‘(’ J}‘t = o Ep(xe) = E(Vte()(ﬂ, ve(xe) = J«he, e D AW—. 0O

Q: Can we think of w as the +4naewl' vector ot r-t?-

Non- w\'lqme,nes's : 'At"' N(O,I) -Fw al te R

Ve=0 Ve, Vi = rotahon // "\

NE



Celection  Critevion:  dhoose Ve Fo minimize the  Linetic energy

V¢ = argmin { -?l: S llvllLJrAt : Ch"('"‘tv*): —9%&% .

V: IKA-. RJ

PrOP.  There is a Unique. Vg sM—;s-f\aEna_ (5. & s charadcterized

L3 ‘(V'(’. = vll): -r—pr Jome ZI)t'. |KJ—v K
(More Vrﬁc'nSe\a, Ve = L‘_'.V; Vq)éu, wheve wi")e COwRD.)

Prom(‘\. Uniquemss -Fo"ows ‘s'\v»m stnet cvx+3 oFf (.
Then, note Hhat +he constrnrt in (#) is

S<V¢p,vt> 4;\pt = Q*S‘f"‘\"" , Vteé C:(RJ)

(™)
[‘F we rq'ace 4 Lg s pvo(j&c‘l'ion onto iVL(‘ q’eC:(K‘)} a

Hen t shll sanisfies e  constraint butr has  swialler norm. O

3, Elemevﬂ‘s of Riemannian qeometry
U v

P\ Riemannian man'rpbu M has, at eodn Fo‘m.l. re M,
@ On asseciated vectr space — the ‘\‘Anaexrl' Space TrM—
\ - / ¢quipped with an inner product v
\ / The inner PmAud- aives rse 4v distances:

i
J(Po'P')z = m(: i SD “f.,t";;t di o Cuvves & [D,l]—,/%.(join?ng P, +o r, %

A minimizer (pdtelo o this variatonal problem. i a
(cov\s’r,—- SYC&D aeoJes'\c or  Shortest PM‘A.

The CX?"“”"H“I map  eXpp TPM - M mops vV e TM o +e
e,hJFoiv\-\' of the 3&0465'10 |6Av'mg P w/ veloc’rl"a v for unit Hime.
The loaari’rhm'm Map Loaf‘- M- TP/v(_ s the inverse mo‘?\’i'\a'



Given £: M= R, the 3m:lie,vr\- Vi) at peM is the element
of ToM st for ol curves (pleer with po=p,

% T, = <of), 5.5
The Hessian sz([a) is such that for all gepcles\cs (pedeer,
9:’“?9 |t=o = 'V’jf(\D [éo, ‘.9,—_‘ )

A set CEM s (3e,o=\eslcau\ly) tonvex iF for all P qe C, the
L‘aeoJesic (')o'm'mg P L) 1 lies  C.

-T}\C -F\Ahd'ian ’FM"‘ |R 1S ol— ConveX I‘F one o-F +he -Fb“ow'mg holds -
* ‘FOI' all 9&0435165 <Ft)ié[0,|],

{0 € o fy+ i)~ LD 46 o5
* for al a]eM,
19) > Fp) + COf), Log (20 + 5 dp, )
* for all peM, veTyM,
VHp [T 2 oI

4, Ot caleulus

WC, Now Je:Fine Yhe +an aud_ 5{7“‘-5
T‘,?Z'M(‘Kl) = ’.VIP S e .C,: (IRA)}L'ZV.)

e,qu}‘;?ecl with The L.z(r\\ horm * l\VllJ“}, = j“Vzpl\LAtA.

Q: What are +the 9eoéesicsz



Eﬂ The Benamou—Brenier 'Pbrmu.lo«. holds
\N:(}L,,,H,) = iaf { g:- ||vtll‘:,‘t 4t (F’V) solve the cont: eq. }
The geoéesic Join'm? Po to p, is described as follows

My = (€Y d+ eVl po, Vg = Brenier nap

Croof . Let (}t,v) solve the cont. ey. Then,
§ vy de = (TR e (K= welke)

> BT Kede | lequtity if £ ke is const.)
= Elxg-X,0"
7 WG, ). (c1ua¢:+3 it X, = V() 0

Hence., we have obtained a Riemammion shucture.  associated
with  the  2-Wasserstein distance.

cxPP(Vzp) = (d+ 99y p
ﬂoaﬁ(u) = VL(F_,,, - id

Now, let “F: /Pz“(lﬂ;)—’m be a ‘Func—h'onmL What is the grw;‘ieni'?.

LEL T‘/\e. 'F\TS"' varigdhon O‘F ? at |.L s a '(:lAnchov\_
S'FC) R-R st for al X w/ [dx=0 ond pt ¢XeP(R?)
‘G>r Sw‘t:(:lc.aenfl? small €>0,

Lm ;-(}U’ZX) F(}A) jéﬂy) dx

- W)

(JeanA up fo on
aitive COMS‘I')

How v Gom[m‘l'e 53"(@: e+ (fxﬁtﬂg be a curve, Ho= (L.
Comvu‘f‘e, gt‘F(Ht—) and wrte it in the 'FDVM



THM.  The Wasserstein %m.lievd- GuFl) of F st p s the
vechr feld

vwﬁ@ = VS?(,,J

Proo‘p. Ba Ad:-n.) ij(td Sa.hs‘ﬁes'-
. -Por o+ pe ¥ A'iv('Aevq/t) =0,

9&1:(#{-) = <Vw}'(t‘ﬂ , Vl.[),,:}wc .
o VWL F(rl) € TH?Z,“—(K‘) & VWLT(}*) 5 Qa araJ vechy feld.

Then, hote Hrat
gf?qﬂ') = ng( }41—) 9(-}41- = - SSF(W) AEV(P*Vq)t)

= [ <O8Gu.90 by = wsFi0, 94, T

COoR. The Wasserstein cérouiievﬁ Flow of T sarishies
9+Ht= liv(WVS?(W)) S ).({— = _vg?:/w—) (X¢)




